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Abstract

This paper uses an incomplete information game-theoretical model to study the
interaction between managers and auditors. Previous analytical research about this
topic usually focuses mainly on whether raising auditors’ legal liability can give
auditors incentives to provide more effort and increase the quality of accounting
information. We further consider the penalties on managers’ misreporting and
investigate their effect on the equilibria. Our results show that the equilibrium
containing auditors’ high effort might not be attained by simply raising the
punishments on them. Instead, we have to set the penalties on both parties properly
to induce auditors’ effort effectively. Besides, this paper uses more equilibrium
refinements to find out the equilibria which are both reasonable and stable. This has
never been used in the previous research.
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1. Introduction

Accounting is the financial information system that provides relevant financial
information about firms to every person who needs such information. This
information is communicated through the financial reports prepared by managers.
But the information contained in the financial reports does not always fairly present
the financial position and operating results of the firm. For example, managers might
intentionally misreport to maximize his own benefits. That is, the quality of financial
information will indeed be affected by the manager’s reporting strategies.

One way to overcome the misreporting problem is to use auditing to determine
whether a firm’s financial reports present fairly the financial position and operating
results of the firm, and to determine whether the financial reporting method used is
consistent with generally accepted accounting principles. In order to determine the
fairness of the financial report, the auditor examines the firm’s internal control
system, tests the accuracy of the firm’s account balances, and ensures that there are
no material errors in the firm’s financial reports.

The examination and evaluation of the firm’s internal control system and the
tests of accuracy of account balances can improve the quality of accounting
information. This is because any errors discovered through audit work would be
corrected. Besides, the manager’s incentive to misreport will be suppressed if he
knows the financial reports will be audited, and thus the quality of accounting
information will also be improved. The manager might be penalized if the financial
report he prepares is qualified by the auditor. Thus the manager’s reporting strategy
will be affected by the auditing strategy of the auditor. Similarly, the auditor’s
strategy varies with the manager’s strategy, too. Hence there exists an obvious
strategic interaction between manager and auditor in this scenario. And it is thus
very important to capture this interaction when studying the auditing problems.

It is interesting to know what strategies are the “best” ones for the manager and
the auditor respectively in this setting. The traditional single person decision theory
is not applicable in this setting because it concerns maximizing one’s payoff given
all the other players’ strategies without modeling the interactions explicitly. On the
contrary, the fast-developed game theory characterizes the strategic interactions
among two or more parties (e.g., Aumann 1985). Thus, we are motivated to apply
game theory to an auditing scenario and try to answer the following questions: How
do the manager’s and the auditor’s strategies affect each other? What is the quality
of accounting information under different circumstances? Can the quality of
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accounting information be improved by raising the penalties on the manager or the
auditor if they do not report the truth?

Fellingham and Newman’s (1985) paper was the first accounting research using
a game-theoretic model to study the strategic interaction between managers and
auditors in audit planning and in assessing audit risk. They choose the Nash
equilibrium concept, which characterizes a pair of the manager’s and the auditor’s
strategies that can maximize one party’s payoff against the other party’s strategy, to
find all the possible outcomes in their setting. They show that the auditor’s strategy
depends on the interaction between the accounting control system and the manager’s
action. After Fellingham and Newman’s paper, many research applied
game-theoretic models to study the auditors’ legal liability problem (for example,
Melumad and Thoman 1990; Thoman 1996; Schwartz 1997; Chan and Pae 1998;
Hillegeist 1999; Radhakrishnan 1999; Zhang and Thoman 1999; Pae and Yoo 2001;
Chan and Wong 2002; Liu and Wang 2006; Lu and Sapra 2009; Laux and Newman
2010). These researches focused mainly on how different liability rules affect the
auditors’ effort, audit quality or firms’ investment decisions. However, most of them
did not consider the role of the penalties on the managers in the auditing game. The
first important contribution of this paper is we include this important factor in the
game-theoretic model and analyze the interaction between auditors’ and managers’
liabilities. In equilibrium one party has to select the best strategy for himself,
conditional on the other party’s strategy and the potential penalties on the two
parties. For example, if the penalties on the managers’ misreporting behavior are
extremely severe, the manager will always report truthfully even if the auditor will
definitely endorse the financial report.

Kofman and Lawarree (1993, KL hereafter) also considered the effect of
punishment on managers in auditing problems. While KL’s agency model focuses on
the relationship of such punishment and the cost of preventing collusion between
managers and auditors, our model emphasizes the importance of setting appropriate
punishment to increase the quality of the information in the financial report.

To distinguish the different kinds of quality of accounting information among
all the possible outcomes, we classify two kinds of equilibrium. In the “noiseless
equilibrium” the financial report reflects the truth perfectly so that the quality of
accounting information depends on how effective the audit work is. The harder the
auditor works, the higher the quality of accounting information is.

Our result shows that there exists only noiseless equilibrium in which severe
penalties for misreporting force the manager to always tell the truth and the auditor
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does nothing but endorse the manager’s financial report. The implication is that if
we can really impose very heavy punishment on the manager, he will not misreport
no matter what the auditor’s strategy is. If this happens, however, we will not need
auditing anymore. Thus, auditing is ex ante valuable only if there are some
incentives for the manager to misreport.

On the other hand, we find infinitely many noisy equilibria in our model and
the quality of accounting information differ a lot in these equilibria. As a matter of
fact, it is very common to find many Nash equilibria in a game, and one important
area in the game-theoretic research is “refinements” which means eliminating the
“pbad” Nash equilibria from the equilibrium set. Unfortunately, not many
game-theoretic models in previous research have mentioned this problem. Therefore,
the second important contribution of this paper is we use several crucial refinements
concept to test all the equilibria in our model. We think a good equilibrium should be
both reasonable and stable. Reasonableness means the conjecture made by the
manager or the auditor should not be incredible. We select sequential equilibrium
(Kreps and Wilson 1982) and intuitive criterion (Cho and Kreps 1987) to check the
reasonableness of the equilibria. And stability denotes the equilibrium strategy of
one party should still be the best response even if we allow the possibility that other
parties might make mistakes (in very small probability). We apply the trembling
hand perfect equilibrium (Selten 1975) and stable equilibrium (Kohlberg and
Mertens 1986) to test if the equilibria we found are stable. We only have to analyze
those equilibria passing the above refinements and it simplifies our work a lot.

Our main results are as follows: First, we find many pure and mixed strategy
equilibria in our auditing game and there are large differences in the quality of
accounting information under various equilibria. Second, only those pure strategy
equilibria pass the refinement test. Third, whether we can achieve the most effective
equilibrium, which all types of auditors work hard, depends on both parties’
penalties. That is, we might not get the most effective equilibrium by raising the
auditors’ legal liability only. We have to set those penalties properly to improve the
quality of accounting information.

The above results can be used to explain some real world scenarios. If we
observe that the punishment on the auditors is very severe while there are still some
auditors choosing to shirk, then it is possible that the punishment on the manager for
being qualified is too severe. Thus we can learn what action should be taken by the
policy maker to reach the most effective equilibrium outcome. And it is possible to
investigate further about whether it is worthwhile to take specific action by studying



96 €3 HhE 288 1201226

its effect on the social welfare.

This paper proceeds as follows: Section 2 describes our auditing game and
specifies the possible equilibria. Section 3 presents the refinements of all the
equilibria derived in section 2. Section 4 analyzes the effect of different kinds of
punishment on the possible equilibrium outcome. Section 5 concludes this paper and
proposes some future research directions.

2. Model description and equilibrium specification

We consider a simple one period model in which there are two agents: a
manager of the firm and an auditor. The manager runs the firm and hires the auditor
to review his financial report.' There are two possible “types” of auditors. The
difference between different types is the probability to find the errors contained in
the financial report.To characterize this, assume (1) the possible value of net income
of the firm, N e{N,,N,} in which N, <N,; (2) the probability to get N, for
the manager is p , and (3) the probabilities for the type I and II auditors to find out
the error, if it exists, in the financial report are s, and s, respectively, where
5, <8,

The actual type of the auditor is determined by nature and is only known to

himself. The prior probabilities of the auditor to be type I is % That 1s, without any

additional information the manager believes that the auditor he meets belongs to
. |
type I with probability 5

The sequence of the game is:
(1) Nature selects the type of the auditor.
(2) In the end of the period, nature determines the firm’s actual net income.
(3) The manager learns the actual result and decides what to present in the financial
report.
(4) The auditor chooses the auditing strategy.
(5) The manager and the auditor receive their payoffs.

" There has been some paper which use the principal-agent model to study the auditing problem
(e.g., Antle 1982). This approach treats the owner of the firm as a principal to hire the auditor as an agent
to monitor the manager. Therefore, owner has to offer the contract that the auditor is willing to accept and
serve for him. Contrary to this approach, there is no principal-agent relationship in our manager-auditor
model. And we assume that both manager and auditor have to participate the game.

? This contains the assumption that the auditor will not commit type I error.
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The extensive form game is presented in Figure 1.
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Figure 1 The extensive form of the auditor-manager game

The sets of the available strategies for the manager and the auditor are
{M,,M,} and {C,,C,,C,}, respectively. On the manager’s side, M, (M) denotes

that he reports N, (N,, respectively) in the financial report. On the auditor’s side,
first he will choose whether to shirk. If he chooses to shirk, he can endorse or
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qualify manager’s financial report. And when the auditor chooses to work hard, he
has to decide whether to endorse the manager’s financial report according to his
findings.” He can choose to (a) endorse no matter what he finds, (b) qualify no
matter what he finds,* (c) report oppositely to his findings, or (d) report truthfully to
his findings. Apparently, (a) and (b) is not optimal for the auditor because he will be
better off choosing to shirk and endorse (or qualify) to save the effort e. It is also
clear that (c) is not optimal, either. This leaves (d) the only possible choice for the
auditor after working hard. Consequently, the available strategies for the auditors are
as follows: C; represents “shirk and endorse manager’s financial report”, C,

represents “shirk and qualify manager’s financial report”, and C; represents “work
hard and report truthfully”. Thus we can define (M, M), i, j =1, 2 as the

manager’s strategy in which he chooses M; when the actual net income is N, and M;
when the actual net income is N,; and define (Ci,Cj) ,I,j=1,2,3 as the auditor’s
strategy in which he chooses C; when he receives a low net income financial report
and C; when he receives a high net income financial report.

The manager’s payoff is determined partly by the audited net income. For
convenience, we assume that the manager can get o, 0<a <1, of the audited net
income as his compensation. If the net income stated in the financial report is not
consistent with the actual one, two possible punishments might occur to the manager:
(1) if the financial report is qualified by the auditor, the punishment is L, ; (2) if the
auditor does not qualify the financial report,but the reported net income is not true
and is found by the outsiders, with probability 7, the punishment is L _.> Audit fees
are the auditor’s primary payoff. Assume that the auditor can get F, if he endorses
the manager’s financial report with high net income. Otherwise he will get F,

where F < F,.%" If there is inconsistency between audited financial report and the

actual result which is not found by the auditor, but is found later by the outsiders,

’ We assume here that the auditor simultaneously decides whether to work hard and how to report if
he chooses to work hard.

* We assume that if the auditor qualities the finacial report, the audited net income is not equal to the
net income provided by the manager.

> L, includes the cost of adjusting the financial report, the loss of extra bonus, and the possible legal
cost. L,, includes the cost due to bad reputation, like the loss of future high compensation jobs, and the
indemnity paid to the investors.

® This presentation characterizes the possibility of contingent fees. We can simply let the equality
hold and omit this problem.

7 We assume that the low net income company do not have enough money to pay higher audit fee.
Thus the auditor can only get F if he endorses the manager’s financial report with low net income.
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with probability 7, the auditor will get punishment L, 2} In addition, the auditor will

get punishment L' if he qualifies the financial report with high net income which

is the truth.” Besides, if the auditor works hard he has to pay some effort cost,
denoted by e.

The payoffs of the manager and the type I auditor in different action
combinations are shown in the payoff matrix in Figure 2.'° Since the manager
doesn’t know the auditor’s type, it is an incomplete information game. Thus we will
apply the Bayesian equilibrium concept to find out the possible equilibrium outcome.
That is, an equilibrium must consist of a set of strategies and beliefs of the manager
and the auditor. Obviously, there might be many possible equilibria in our model.
The following lemma will help simplifying the analysis.

(a) the actual net income is N;

Manager
Ml M2
C, F, aN, F,—-rL,, aN,-rL,
Auditor C2 FI - rLc s aNZ _La Fi s aNl _La
8,1 s, (aN, - L,)

C3 Fi_e’ aNl
+(1=s )F,—rL,)—e, +(1-s,)(aN,—rL,)

(b) the actual net income is N,

Manager
M, M,
G F—rL,, aN,-rL, F,, aN,
Auditor G, B, aN,-L, F-L;, aN ~L,
s, F, s, (aN, - L
C3 171 1( 2 a) F;—e, aN2

Hl-s)(F —rL)—e, +(1-s)aN,~rL,)

Figure 2 The payoff matrix for the manager and the type I auditor

¥ That is, the expected punishment on the manager (auditor) if there exists inconsistency between
audited financial report and actual result is »L,, (rL.).

’ The model in this paper is a one-shot game which has the defect in describing the reputation
problem. So we use L’ to represent the reputation loss of the auditor for qualifying a true high net

income financial report.
' We only present the case of the type I auditor. The other case can be easily derived.
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Lemma l If aN,>aN,—rL , M, is the dominant strategy for the manager when

the actual net income is N, .

Proof: 1t is straightforward from Figure 2. Q.E.D.

The intuition behind lemma 1 is very straightforward. If the additional payoff
the manger can get from misreporting, (N, —N,), i1s less than the expected
punishment from outsiders, 7L , he will not misreport even if the auditor will

definitely endorse it. It is also clear that, if L is very large, the manager will report

the truth even without auditing."’

One thing people concern very much is the quality of accounting information in
the financial report. That is, how accurate the audited financial report can reveal
about the firm’s actual net income in the equilibrium. Thus, we define:

Definition Noiseless equilibrium: In this kind of equilibrium, the net income in the
audited financial report is exactly the firm’s actual net income. That is,
the audited financial report reveals the actual result perfectly and the
quality of accounting information is the highest.

Definition Noisy equilibrium: In this kind of equilibrium, the net income in the
audited financial report may not be the firm’s actual net income. That is,
the audited financial report cannot reveal the actual result perfectly and
the quality of accounting information is not the highest.

Apparently, noiseless equilibrium can only exist when the manager always tells
the truth. This is due to the assumption that audit technology is imperfect. If the
manager does not always report truthfully the probability of “reported net income is
not actual net income” is always positive. From lemma 1, if aN, >aN, —rL, M, is
manager’s dominant strategy. In this case the auditor’s best response is (C;,Cy). Thus,
we have the following equilibrium:

Equilibrium 1

Manager’s strategy: (M, M,)
Auditor’s strategy: (C,,C)
Manager’s belief: P(type I auditor) = %
Auditor’s belief: P(N,|M))=1;
P(N,|[M,)=1.
Condition to sustain the equilibrium: aN, >aN, —rL, (1)

"' This might include nonpecuniary punishment indicated by Kofman and Lawarree (1993).
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where P(N;|M;) denotes the conditional probability of the actual net income is

N, given the manager chooses M.

Equilibrium 1 tells us if the punishment to the manager’s misreporting or the
probability that the inconsistency is found by the outsiders is large enough, the
manager will always tell the truth. In such a case, the existence of the auditor
becomes surplus. This result is very intuitive. When the punishment is very rigorous,
the manager does not want to lie whether the auditor exists or not. And if the
outsiders are smart enough to distinguish most of the inconsistencies in the financial
report, they will not need the auditor to provide such information.

The condition for the existence of Equilibrium 1 is strong, and we wonder if the
noiseless equilibrium can still sustain even without this condition. That is, if there
exists other noiseless equilibrium in which the auditor works hard to force the
manager to tell the truth. Unfortunately, the answer is no. It is stated in the following
lemma and proposition.

Lemma 2 “The auditor chooses C;” cannot be a part of a noiseless equilibrium.

This result is due to the assumption that audit technology is not perfect. Thus,
we cannot exclude the possibility that there is error contained in the audit report,
provided the auditor chooses C; Unless the manager always report truthfully and the
auditor does nothing but endorse the financial report, the noiseless equilibrium
cannot be attained. As a matter of fact, given the manager always reports truthfully,
the incentive for the auditor to work hard will vanish.

Proposition 1 Equilibrium 1 is the only possible noiseless equilibrium.

Proposition 1 indicates that we cannot get a noiseless financial report through
the help of auditing. Auditing is valuable only when the manager has, at least a little,
probability to misreport. Auditing itself cannot delete the manager’s incentive from
cheating completely. Again, this strong result is derived under the assumption that
even if the auditor works hard, he cannot do the job perfectly. This assumption is
reasonable because auditing is based on sampling.

Although the quality of accounting information is the highest in the noiseless
equilibrium. It is very hard to get in reality because it is difficult to penalize the
manager to remove their incentive to misreport completely. Thus, the study of noisy
equilibrium becomes much important. In this kind of equilibrium the manager will
not tell the truth all the time.

And we further define: P(N,|M,)=p, , P(N,|M,)=p, . Then,
P(N,|M,)=1-p, and P(N,|M,)=1-F,.

Now we can compute the expected payoff of working hard for the auditor. First,
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if the type I auditor faces M, the expected payoff of working hard is:
[P +(=B)A=s)][ Bl F +(1=R)(F ~rL,) |
+HA=p)-s ][ Be - +A=P)(EF ~rL) | e
= F~(1-p)(1-s)rL, —e.
And, if the type I auditor faces M,, the expect payoff of working hard is:
(=P, s ][Ry F+(=B)(E -L')]
HA=P)A=5)+ ] Bo - Fy + (1= Py)(F, = rL) | —e
=F =(=p,)-5,(F, = F)=(1=p,)(A=s)rL, —e.
Since there is a unique, noiseless, equilibrium if and only if aN, >aN, -rL,_,

the following analysis about the noisy equilibrium is based entirely on the premise
that aN, <aN,—rL, . That is, if the actual net income is N;, the manager will not
be worse off by reporting N,, given the auditor chooses C.

First, we consider the case that the manager and the auditor use pure strategies
only. In this case, when noisy equilibrium occurs, (M,,M,) is the only reasonable

strategy for the manager.'> And, we can compute all the expected payoff of the
different strategies for the auditor. Let VC,(c°|c™) be the expected payoff for
type i auditor when he uses the strategy o°, given the manager uses the strategy
o” . We have:

Ve, (C,.C | My, M,) = VC]I(C;'7C1 | My, M,)=p,F, +(1=p,)(F, —rL,);

VC,(C,,C, | M,,M,)=VC,(C,,C, | M,,M,)=p,(F,—L)+(1-p,)F;

VC(C). G [ My, M) = F, —=(1=p,)s (£, = F) =(1=p,) (1= s)rL, —e;

VC,(C,.C | M, ,M,)=F, —(1-p,)s,(F, —F)—(1-p,)(1=s,)rL. —e.

There are many pure strategy noisy equilibria in this model. One of them is
both types of auditors choose to shirk when they get M, In this case if one type of
auditor chooses C and the other type chooses (), it must be:
F,-F+p,L.>(1-p,)rL, and F,—F+p,L; <(1-p,)rL..

Obviously they contradict to each other. Thus, if both types of auditors choose
C, or (,, they must select the same action in equilibrium. Suppose they both choose
C, then at least the manager who gets N, will deviate to M; and upset the
equilibrium. The only remaining possibility is both types of auditors choose C;, and
we have the following equilibrium.

'> We exclude the equilibia that contains (M,,M,) and (M,,M,) because it is much unreasonable

than other equilibria.
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Equilibrium 2

Manager’s strategy: chooses (M,,M,)
Auditor’s strategy: type I chooses (C,,C));

type II chooses (C,,C)).
Manager’s belief: P (type I auditor) =%
Auditor’s belief: P(N, |M,)=p,;

P(N,|M)=1."
Conditions:
Fy—F>=p)rL, - p,L, (2a)
si(I=p,)rL, —(1=p,)s,(F, —F) <e (2b)
$,(1=p)rL. —(1=p,)s,(F; - F) <e (2¢)
aN,<aN,-rL, (2d)

When the manager chooses (M,,M,), (2a) denotes both types of auditors prefer
C; to Cy; (2b) and (2¢) denote type I and II auditors prefer C; to Cs, respectively.
Next we consider the noisy equilibrium in which at least one type of auditor
chooses C;. We further assume 7L, > F, —F;. Under this assumption if it is not
optimal for type II auditor to choose Cj, it cannot be optimal for type I auditor, either.
Thus, we can derive the following equilibria:
Equilibrium 3

Manager’s strategy: always chooses (M,,M,)
Auditor’s strategy: chooses (C,,C;)
Manager’s belief: P (type I auditor) =%
Auditor’s belief: P(N,|M,)=Dp,;

P(N,|M,)=1.
Conditions:
F,—F>(1-p,)rL. —p,L. (3a)
si(1=p)rL, —(1-p,)s,(F,—F)>e (3b)
$,(1=p)rL. —(1=p,)s,(F, - F) > e (3¢)
s(aN,—L)+(A-s)aN,-rL,)>aN, (3d)

" As we have mentioned in the previous note, we exclude (M,,M,) and (M,,M,) in any

equilibrium. Therefore the auditor’s belief P(N, |M,) must be equal to 1.
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aN,<aN,-rL, (3e)
where § = %sl +%s2 :

When the manager chooses (M;,M,), (3a) denotes both types of auditors prefer
C; to Cy; (3b) and (3c¢) denote both type I and II auditors prefer C; to C, respectively.
And when both types of auditors choose (C;,C3), (3d) denotes the manager prefers
Mz to M 1.
Equilibrium 4

Manager’s strategy: chooses (M,,M,)
Auditor’s strategy: type I chooses (C,,C))

type II chooses (C,,C,)
Manager’s belief: P (type I auditor) =%
Auditor’s belief: P(N,|M,)=Dp,;

P(N1 | M1) =1.
Conditions:
F,-F+p, L, >(-Dp,)rL, (4a)
si(1=p)rL, —(1=p,)s,(F, - F)<e (4b)
$,(1=prL. =(1=p,)s,(F; - F) > e (4¢)
(A=p)A=s)rL, <(F, - F)1-(1-Dp,)s, 1+ p,L. —e (4d)
1 1 1
Esz(ozNl —La)+{5+5(1—s2)}(aN2 —rL )>aN, (4e)
aN, <aN,-rL, (49)

When the manager chooses (M),M,;),(4a) and (4b) denote the type I auditor
prefers C; to C, and Cj respectively, (4c) and (4d) denote the type II auditor prefers
C; to C; and C; respectively. When type I and II auditors choose (C;,C;) and (C,,C5)
respectively, (4e) denotes the manager prefers M, to M.

Equilibrium 5

Manager’s strategy: chooses (M,,M,)
Auditor’s strategy: type I chooses (C,,C,);
type Il chooses (C,,C;).
Manager’s belief: P (type I auditor) :%
Auditor’s belief: P(N,|M,)=Dp,;

P(N,[M)=1.
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Conditions:

F,—F+p,L. <(1-p,)rL, (5a)
(l_ﬁz)(l_sl)rLc > (Fz _Fl)[l_(l_ﬁz)sl]"'ﬁzl’: —e (Sb)
s,(1=p,)rL, —(1=p,)s,(F,—F)>e (5¢)
(I=p)A=s,)rL, > (F, _Fl)[l_(l_ﬁz)sz]"'ﬁzl’c’ —e (5d)
[%+%s2}(aN2 —La)+%(l—sz)(05N2 —rL, )>aN, (5¢)
aN, <aN,-rL, (59)

When the manager chooses (M>,M,), (5a) and (5b) denote the type I auditor

prefers C, to C; and C; respectively; (5¢) and (5d) denote the type II auditor prefers
C; to C; and G, respectively. When type I and II auditors choose (C;,(,) and (Cy,C5)
respectively, (5¢) denotes the manager prefers M, to M.
Remark We can use the concept of “effective auditing equilibrium” introduced by
Melumed and Thoman (1990) to study the property of Equilibrium 2 to Equilibrium
5. They define it as an equilibrium in which the auditor works hard and reports his
findings truthfully. Among the four noisy pure strategy equilibria, we can easily see
that Equilibrium 2 is the least effective one. In that equilibrium the auditor does
nothing but endorse the manager’s financial report. Thus auditing is totally valueless
if this equilibrium occurs. In contrast, Equilibrium 3 is most effective because both
types of auditors will work hard when they receive the financial report with high net
income. The accuracy of financial report is the highest in this equilibrium, excluding
the noiseless one. The effectiveness of auditing in the remaining two equilibria are
between Equilibrium 2 and Equilibrium 3 because only the type 11 auditor will work
hard in these two cases.

The equilibria we have studied so far are all pure strategy equilibria. Now we
turn to mixed strategy equilibria which mean that the manager and/or the auditor
choose mixed strategy in the equilibrium. The general form of their mixed strategy
is as follows:

For the manager:

o :chooses (M;M;) with probability #; where 0< 7, <1 and XX¢, =1
. o
iL,j=12.
And for the auditor:
o ° : type I auditor chooses (C;,C)) with probability Uy ;
type IT auditor chooses (C;,C;) with probability Vs
where 0< u, <1, 0< v, <1, X>u,=1,and 22v, =1, i,j=12,3.
' i i
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Now we define the possible mixed strategy equilibrium as:
Mixed equilibria
Strategies: the strategies profile (o™,0°) as described before where (¢,,,-+-,%,,),

(- uy,) and (v,,---,v,,) are not all unit vectors.

Manager’s belief: P (type I auditor) = %
Auditor’s belief: P(N,|M,)=p,;
P(N,|M))=1.
Conditions:
t; =0ifand only if (M, M) ¢ arg (Agnix)'VM((M[,Mj)' o) ij=1,2,3 (6a)
u, =0ifand only if (C,,C,) ¢ arg (rcn%X)‘V C((C,.C)'|o™) ij=123 (6b)

v, =0ifand only if (C,,C;) ¢ arg (rcnaclxy V C((C.C)'|a") ij=123 (6¢)

where VM ((M;,M,)'|c°) is the expected payoff for the manager when he
chooses (M;,M,)' given the auditor chooses o, and V C/((C,C;)'|c")
(V Cy((C,,C;)'|a™)) is the expected payoff for the type I (type II) auditor when he

chooses (C,,C,)' given the manager choose o”.
Apparently, there are infinitely many l‘l.j and U, or v, combinations can

sustain the mixed equilibria.

3. Refinements of equilibria

Those equilibria derived in section 3 are all Nash equilibria. Now we want to
find out if these equilibria are the obvious ways to play by the manager and the
auditor. Hence, some refinements on these equilibria are needed.

The refinements we will do in this section can be divided into two parts. First
we will check the ‘reasonableness’ of these equilibria. Then we will test the stability
of them. For the first part, reasonableness means the conjecture made by the
manager or the auditor should not be incredible. We select the concept of sequential
equilibrium (Kreps and Wilson 1982) and intuitive criterion (Cho and Kreps 1987)
to check if the equilibria mentioned in section 2 are reasonable.'*

'Y Few previous game-theoretical researches checked the reasonableness of equilibria. Zhang and
Thomas (1999) used “divinity”, proposed by Banks and Sobel (1987), to investigate the beliefs on the
off-the-equilibrium path. Melumad and Thoman (1990) introduced the “calculated belief” which is
similar to divinity.
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The process of examining “one” equilibrium is sequential can be applied to
“all” the equilibria in this game. First we select one of them to test, this is stated in
the following proposition:

Proposition 2 Equilibrium 3 is a sequential equilibrium."

Following the same way of proof of proposition 2, we can also show that all the
other equilibria presented in section 3 are sequential too. So we have the following
corollary.

Corollary 1  Equilibrium 1 to Equilibrium 5 and Mixed equilibria are all
reasonable in the sense of sequential equilibrium.

Corollary 1 says that Equilibrium 1 to Equilibrium 5 and Mixed equilibria are
all reasonable at least on the equilibrium path. Next we want to check if the beliefs
of those equilibria are still reasonable on the off-the-equilibrium-path. This is done
by applying “intuitive criterion” presented by Cho and Kreps (1987). The result is
the next proposition.

Proposition 3 Equilibrium 1 to Equilibrium 5 and Mixed equilibria all satisfy

intuitive criterion.
Proof:
Equilibrium 1 and part of Mixed equilibria do not have any off-the-equilibrium-path.
Hence, intuitive criterion is satisfied trivially. For Equilibrium 2 to Equilibrium 5

and some of Mixed equilibria, off-the-equilibrium-path occurs when the manager
chooses M, . In these cases what conjecture should the auditor have? In Equilibrium

2 to Equilibrium 4, the equilibrium payoff of the manager who gets net income N,
is aN,. And the highest possible payoft he can get from deviating to M, is only
aN,—L, or aN,—rL, . Thus, when the auditor faces M,, he should have the
belief P(N,|M,)=0 which is exactly the belief stated in Equilibrium 2 to
Equilibrium 4. In Equilibrium 5 and Mixed equilibria, A, 1s not equilibrium
dominated at least for the manager who gets N,. Hence, the beliefs in these
equilibria also pass the intuitive criterion, too. This completes the proof of this
proposition. Q.E.D.

After checking the reasonableness of these equilibria, we want to know further
about their “stability” which is not yet considered in the previous research. The
reason we want to do this work is as follows: In the real world it is possible,
although the probability may be small, that the manager (or auditor) makes some

"> The proof of propositions 2, 4, 5 and 6 are in the appendix.
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mistakes in selecting their strategies. For example, the manager may misreport his
net income in the financial report unintentionally. If the auditor cares about the
possibility of this situation, will he still choose the optimal strategy (work hard, for
example) stated in the equilibrium? If the answer is no, this equilibrium may not be
“stable”. We will check the stability of these equilibria subsequently.

First we want to apply the “trembling-hand perfection” introduced by Selten
(1975) to test the stability of those equilibria. A strategy profile of the manager and
the auditor (o”,0°) is trembling-hand perfect if we can find a sequence of real
numbers {g,},_, and sequences of the manager’s and the auditor’s totally mixed
strategies {o,'},, and {o,},, which satisfy the following conditions (Van

Damme 1991):
(1) & >0 and &, converges to zero.

(i) (o)',0;7) isan g, -perfect equilibrium.
(u1) (o}',07) convergesto (c”,0°).
And we will check if Equilibrium 1 to Equilibrium 5 and Mixed equilibria

satisfy the above conditions. The results are in propositions 4 and 5.
Proposition 4 Equilibrium 1 is a trembling-hand perfect equilibrium.

Following the similar way of the proof of proposition 4, we can also show that
Equilibrium 2 to Equilibrium 5 are also trembling-hand perfect. Notice that these
equilibria are all pure strategy equilibria. But these conclusions cannot be extended
to Mixed equilibria. The result is stated in the following proposition.

Proposition 5 Mixed equilibria are not all trembling-hand perfect, especially when
aN, =aN, -rL, .

In our auditing game, a trembling-hand perfect equilibrium means that: if
there’s a little probability for the manager (or auditor) to make some kind of mistake,
the equilibrium in the perturbed game will converge to the equilibrium of the
original game. But the question is: For what reason must the manager (or auditor)
believe that the other party will err in that way? If any other mistake occurs, can the
equilibrium we concern still be sustained? Hence, we need some stronger refinement
to make sure further if those equilibria we discussed are still stable under any kind
of tremble. To do this, we apply the “stable equilibria” concept, introduced by
Kohlberg and Mertens (1986), on the equilibria we studied. According to Kohlberg
and Mertens, the requirements for strategic stability are:

(1) Existence: Every game has a solution.
(i1) Invariance: Two games with the same reduced normal form have the same
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solutions.

(111) Sequential rationality: Every solution contains a sequential equilibrium.

(iv) Admissibility: Every element of a solution is undominated.

(v) Elimination of dominated strategies: A solution contains a solution of a game
obtained by eliminating a dominated strategy.

(vi) Elimination of non-best replies: A solution contains a solution of a game
obtained by eliminating a strategy that is not a best response against any
element of the solution.

(vii) Connectedness: A solution is connected.

Kohlberg and Mertens then define “stable equilibria” as (p. 1027): A set of
equilibrium 1is stable in a game G if it is minimal with respect to the following
property (property S, hereafter): S is a closed set of Nash equilibria of G satisfying:
for any & >0 there exists some O, >0 such that for any completely mixed
strategy vector o,,---,0, (nplayers) and for any o,,---,0, (0<0, <9,), the
perturbed game where every strategy s of player i is replaced by
(1-35,)s+ 68,0, has an equilibrium ¢ -closeto S .'°

In the next proposition we will see that there exist stable equilibria in our
model.

Proposition 6 Equilibrium 1 is stable in the sense of Kohlberg and Mertens.
Proposition 6 tells us that if aN, >aN,—rL, , Equilibrium 1 can always be

sustained under any kind of tremble. That is, the manager always tells the truth and

the auditor always submits to the manager are always the best response for them no

matter what kind of mistake may happen. And we can also show that Equilibrium 2

to Equilibrium 5 are all stable too. Thus, we have the following corollary.

Corollary 2 All the pure strategy equilibria in our auditing game are stable
equilibria.

We have mentioned before that the concept of stable equilibrium is much
stronger than trembling-hand perfection. As Fudenberg and Tirole (1991, p. 444)
pointed out “The key difference between trembling-hand perfection ... and stability
1s that perfection requires only that there exists a single sequence of perturbed games
whose equilibria converges to o, but a stable set must contain a limit point of the
equilibria for every perturbed game”. Using this argument and proposition 5 we
immediately know that some of Mixed equilibria are not stable. And the fact is even

'® This means for any small number & > 0, there exists an equilibrium in the perturbed game within
¢ -distance of the equilibrium set of the original game.
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stronger which is stated in proposition 7.
Proposition 7 All of Mixed equilibria are not stable.
Proof:
Let (o]',0,) donate the perturbed strategy profile of any mixed strategy
profile. Then it must be that VM (M, |o,)= VM (M, |o,) or there exists some

type i auditor for which VC.(C, |o,)=VC.(C,|o]'), a,b=1,2,3 and a#b.

And we can always find some kind of tremble to break the above equality and make
one of the strategies dominated. Thus, (o}',0;) is not a stable equilibrium. Q.E.D.

The results of proposition 7 help us simplifying the analysis a lot. Notice that

there are infinitely many mixed strategy equilibria, but proposition 7 says they are
all not stable. So we can neglect them if we only care about the equilibrium that can
sustain any kind of mistakes made by the manager or the auditor.
Remark The result in this section indicates that only the pure strategy equilibria
are meaningful. And in most cases the manager will only present the high net
income in the equilibrium. As we showed before that the manager is willing to
present Ny, if it is the actual result, only when the punishment for misreporting is
quite large. Put it in another way, if the manager’s ability is so low that he can only
get Ny, then even little punishment can force him to tell the truth. We can see this is
an implication of “lemon problem” introduced by Akerlof (1970).

4. Further analysis

In this section we will discuss some implications about the equilibria which
pass the refinements in the previous section. From both regulatory and professional
view, one important question is if we can raise the auditors’ incentives to work hard
through simply increasing the punishment on auditors for misreporting. In the
following analysis, we will see this is not always true. This conclusion is derived by
analyzing how the penalties on managers and auditors will affect the set of possible
equilibria respectively.

Let’s first study how the two different punishments on the manager, L, and

L can affect the occurrence of equilibria. To see this more clearly, we rewrite the

equilibrium conditions regarding to the manager’s action of Equilibrium 1 to
Equilibrium 5 below:

Equilibrium 1: L > l(OtN2 —aN,)) (1)
r

Equilibrium 2: L < l(OtN2 —aN,) (2"
r
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Equilibrium 3: (1-s)rL, +5sL, <(1-5)(aN, —aN,) (3¢’)
L, <~(@N,-anN,) (3d)
r
— 1 1 1 1 1 ,
Equilibrium 4: | —+—=(-s,) |rL, +—=s,L, <|=+=(1-s,) [(aN, —aN,) (4¢e’)
2 2 2 2 2
L < l(ocN2 —aN,) (417)
r
o 1 1 1 :
Equilibrium 5: E(I—SZ)er +E(I+S2)La < E(I—Sz)(aNz —aN)) (5¢’)
1
L, <—(aN,-aN,) (517)
r
From (1’) Equilibrium 1 occurs only when L, >l(05N2 —aN,). From (2°),
r
(3d’), (4f”) and (5f”) when L, < l(ocN2 —aN,), Equilibrium 2 to Equilibrium 5 are
r

all possible. (3¢’), (4e’) and (5¢’) are all linear inequalities involving two parameters:
L, and L,,. Taking them as equalities and calculate the intercepts on both axes. The

. 1 .
L -axis intercepts are all found to be —(aN, —aN,), and the L, -axis intercepts
r

25 - 2-
for (3¢’), (4¢’) and (5¢’) are M><(0¢N2 -aN,), —S2><(05N2 —aN,) and
s, +5, S,

I-s,

" x(aN,—aN,) respectively. Now we can present the possible equilibrium
+5,

regions in Figure 3.

Figure 3 characterizes how different value of L, and L, can affect the
equilibrium outcome. When L, is small, L, plays the key role. If L, is very large
(region II), the manager dare to always report the high net income only when the
auditor always endorses his report. Thus, only Equilibrium 2 can be sustained. If L,
is smaller (region IV) Equilibrium 2 still exists, and the manager is also willing to
always chooses M, if type II auditor chooses C; and type I auditor chooses C,. That
is, Equilibrium 4 can be sustained too. If L, falls in region III, Equilibrium 2 and
Equilibrium 4 can still be sustained, and the manager is still willing to always
chooses M, even when both types of auditors work hard. This makes Equilibrium 3
sustainable. And if L, is very small (in region V) the manager won’t care much about
being qualified, thus Equilibrium 2 to Equilibrium 5 can all be sustained.



112 E3FHhE  F2¥% 1 >201226

L,
AN
275 (aN, —aN,)
II
2_51—_52(05]\/2 —aN,) v
s+,
I
I—s I
1+S2 (aN, —aN,)
v

Lan, —an,)
p

Figure3 The equilibrium regions on different L, and L,

1 :
When L, exceeds —(aN,—-aN,), then as we mentioned before only
r

noiseless equilibrium (Equilibrium 1) exists. If L,, is not that large but close to

1 : e .
—(aN, —aN,) and L, is also not very large, the equilibrium outcome will be very
r

sensitive to L,. In this case even a very large L, will make Equilibrium 2 to be the

only possible type of equilibrium. The closer L,, is to (but less than) l(O:N2 -aN,),
r

the more sensitive the equilibrium outcome is to L,,.

Next we study what is the effect of the punishment on the auditor, L., on the
equilibrium outcome. For the ease of analyzing we set F, = F, . That is, we assume
that the fee is not contingent on outcome. Similarly, we rewrite the equilibrium
conditions with respect to the auditor’s action of Equilibrium 2 to Equilibrium 5 as
follows:

Equilibrium 2: p,L’ > (- p,)rL, (2a"
e

r(1=py)s, 0

c
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e

L <—— (2¢")
r(1-p,)s,
Equilibrium 3: L, > + (3a")
r(1-p,)s,
I, <—Pte—c (3b")
r(1=p,)(1-s5)
Equilibrium 4: p,L >(1-p,)rL, (4a")
e
e ST — (40"
r(1-p,)s,
e
¢ — (4C ')
r(1-p,)s,
< Ple—e (4d")
r(=p))(1-s,)
Equilibrium 5: p,L <(1-p,)rL, (5a")
[ >—Pke—e (5b")
r(l-p,)d-s))
L>—" (5¢")
r(1-p,)s,
ﬁchf —€ (Sd v)

L. < =
r(l+ p,)(1-s,)
By arranging the above conditions, we can characterize the effect of L, and

L! on equilibrium outcome in Figure 4.

From Figure 4 we can see that if we can set both L, and L' greatly, both
kinds of auditors will be forced to work hard, and we can get the most effective
noisy equilibrium outcome: Equilibrium 3. If L , is very small and L' is large
enough the auditor is not afraid of being sued by the outsiders but he dare not offend
the manager who reports N,. Hence, shirk and endorse the manager becomes the
optimal strategy and the least effective outcome- Equilibrium 2 occurs. If L, is at
median value, type I auditor still prefers to shirk while type II auditor prefers to
work hard. And with a large L', Equilibrium 4 is attained. Finally, if L] is at
median value, and L, 1s large enough, it is safer for type I auditor to shirk and
qualify the report, while type II auditor chooses to work hard. Thus, Equilibrium 5

occurs. It should be noticed that in other cases, no strategy of the auditor can be
sustained given the manager always chooses M,. Then there will be no noisy
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equilibrium at all. From the above analysis we know that raising the punishment on
the manager or the auditor does not always lead to the most effective equilibrium
outcome. On the one hand, if L, is very large it is costly for the manager to be
qualified by the auditor. The incentive to misreport is hence lowered. However, the
auditor’s incentive to shirk will then increase and upset the most effective
equilibrium. That is, we have to set the value of punishment on the manager for
being qualified properly to sustain the most effective equilibrium.

L
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3 AT
P,

IS A S P
4 D )23

2

5 -_—
poprdzs), e
/ P P
5
4
2
£
2 2

e e
r(1-p,)s, r(1-p,)s,

Figure 4 The equilibrium regions on different L and L]

On the other hand, with large L _, the auditor will avoid being sued by the

outsiders. And if L’ is sufficiently small in the same time, the auditor would rather
offend the manager by qualifying the financial report. But this might induce the
manager to report the low net income even if the actual result is high. Then we still
cannot get the most effective equilibrium, either. And we have already shown that in
the case where L' is large while L is small, the least effective equilibrium

occurs. Equilibrium 3 will be attained only when both L, and L/ are large.
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It 1s clear that we can use Figures 2 and 3 to determine whether the punishment
on the manager or the auditor is adequate. For example, if both kinds of punishment
on the auditor, L, and L] are large but we still observe that some auditors are

shirking (that is, Equilibrium 4 occurs), we can then conclude that the punishment
on the manager, L , is too severe. Thus, reducing L, may be the right way to
reach Equilibrium 3 and improve the quality of accounting information. That is,
Figures 2 and 3 can characterize the relationship between actual state and
punishments on the manager and the auditor. Then we can learn that what action
should be taken to reach the desired outcome. It is interesting to investigate further
about its effect on the social welfare if we change the magnitude of punishment to
get the desired outcome. We can see that there are rich implications in policy making
in this simple model.

5. Conclusions

We consider an incomplete information model of an auditing game to describe
the interaction between the manager’s and the auditor’s strategies and to find out the
possible equilibrium outcome in different conditions. Our contribution is two-fold.
First, the penalties on managers’ misreporting play a crucial role, which is neglected
in most of previous research. Second, we put a lot of efforts on refinements to find
out the equilibria that are reasonable and stable. Never an analytical research in
accounting has done that before. The main conclusions we derive are: First, there
exist many equilibria in our auditing game and the quality of accounting in those
equilibria are quite different. Second, to simplify our analysis, we do a lot of
refinements to find out those equilibria that are reasonable and stable. The
conclusion is only the pure strategy equilibria can satisfy these requirements. Third,
among these “good” equilibria, the noiseless equilibrium contains the highest quality
of accounting information, but it is hard to attain. Therefore, it is interesting to
investigate if the most effective noisy equilibrium can be reached through raising the
punishment on the manager and/or the auditor. We find that this is not always true.
On the one hand, if the punishment on the manager for being qualified is too heavy,
the incentive for the auditor to shirk will increase and the most effective equilibrium
cannot be reached. On the other hand, if the punishment on the auditor to be sued by
the outsiders is very heavy, but the punishment for reporting the high net income as
low is not heavy enough at the same time, the auditor would rather qualify the
manager’s financial report. And this might induce the manager to report the low net
income even if the actual result is high. Thus, we cannot get the most effective
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equilibrium, either. Hence, the punishment on the manager and the auditor should be
set properly to induce the most desired outcome. This result also has some
implications in policy making: we can determine whether the punishments are
adequate according to the strategies chosen by the manager and the auditor in the
real world. Then we can learn to what extent the penalty should be imposed on the
manager and the auditor according to some criterion, like social welfare. Thus, the
analysis in this model is very helpful in policy making.

The model can be extended in various ways for future research. First, in this
paper we assume the type of the manager or the auditor is private information. Thus,
the manager cannot signal his own type by choosing the auditor and neither can the
auditor. This assumption can be relaxed by allowing the manager or the auditor to
send signals before they meet. For example, the auditor can offer management
advisory service to build up his reputation. The manager can publish the earnings
forecast in advance to show that he can predict any kind of change in the
environment. Then a “matching process” can be added to our model. And we can
study how the matching between managers and auditors is affected by the
exogenous variables like the punishment in our model.

The above discussion can be applied to empirical work, too. For example, we
can choose the size of the manager’s firm and the size of the auditor’s CPA firm as
proxies for the manager’s type and the auditor’s type respectively. Then we can test
the statistical relationship between these two proxies under various conditions. It
might be claimed that the large firm’s manager tends to match with the large CPA
firm’s auditor in some conditions and with the small CPA firm’s auditor in other
conditions. We can use the empirical result to verify the conclusion derived from the
analysis of the model.

Another way of extension is to study the multi-period problem. That is, the
manager and the auditor will play our one-shot game many times. After each round,
the manager and the auditor can decide whether to maintain the relationship with
each other in the next period. The main advantage of this modified story is that it
characterizes the reputation problem more clearly than our model does. For example,
if the auditor shirks and qualifies the financial report when the manager reports the
high net income truthfully in one period, and the manager responds with replacing
him in the next period. Then the auditor being replaced will be classified as the
“bad” type and suffers the reputation loss. Thus the auditor’s incentive to shirk will
be less compared to our one period model.

Finally, in the real world if the auditor does not agree with the content in the
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financial report, he should communicate with the manager first. If the manager does
not accept the auditor’s opinion, the auditor will then qualify the financial report.
This scenario can be described by adding a “bargaining process” between manager
and auditor in the model. In the bargaining process both manager and auditor have
many strategies. For example, the manager’s strategy may be accepting the auditor’s
opinion if the suggestion made by the auditor does not require too many corrections.
It is clear that the model will be very complicated if we include such a process.
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Appendix A: Summary of notations

e

a s

TN

~ R

VM (x| y)
VC(y]x)
VCi(y|x)

Low net income.

High net income.

The probability for type I auditor to defect errors in the financial report provided by
the manager.

The probability for type II auditor to defect errors in the financial report provided by
the manager.

The probability for the manager to get N,.

The auditor’s strategy: shirk and endorse the manager’s financial report.

The auditor’s strategy: shirk and qualify the manager’s financial report.

The auditor’s strategy: work hard and report truthfully.

The manager’s strategy: report V.

The manager’s strategy: report N,.

The manager’s share of net income.

The punishment on the manager if the financial report is qualified by the auditor.

The punishment on the manager if the error in the financial report is found by the
outsiders.

The punishment on the manager if he doesn’t find the error, which is found later by the
outsiders.

The punishment on the manager if he qualifies the financial report with high net
income which is the truth.

The probability for the outsiders to find the errors in the financial report.

The auditor ‘s effort cost if he chooses to work hard.

The audit fee paid to the auditor if he endorses the financial report with high net
income.

The audit fee paid to the auditor in other cases.
The auditor’s belief about the actual net income when the manager chooses M, .

The auditor’s belief about the actual net income when the manager chooses M, .
The ex ante expected probability for the auditor to find errors in the financial report.
The manager’s mixed strategy.

The auditor’s mixed strategy.

The probability for the manager to choose (M, M;)in o".

The probability for the type I auditor to choose (C,,C; ) in o° .

The probability for the type II auditor to choose (C,,C; ) in o* .
The manager’s expected payoff choosing x provided that the auditor chooses y.

The type I auditor’s expected payoff choosing y provided that the manager chooses x.

The type II auditor’s expected payoff choosing x provided that the manager chooses x.
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Appendix B: Proofs
Proof of lemma 2

Suppose there is a noiseless equilibrium, denoted by E, in which the auditor
might choose C;. Because E is noiseless, the manager must tell the truth all the time.
But then it 1s irrational for the auditor to work hard. Thus, £ cannot be an
equilibrium, a contradiction. Hence, the auditor chooses C; cannot be a part of a
noiseless equilibrium. Q.E.D.
Proof of proposition 1

If aN,>aN,-rL

exists no other equilibrium.' If aN,=aN,-rL , the manager will only

. » Equilibrium 1 can be sustained. In fact, in this case there
randomize between M, and M, given the auditor chooses C, when the actual
result is N,, so noiseless equilibrium does not exist. If aN, <aN,-rL, , it is
possible for the manager to always tell the truth only if the auditor chooses C, . But
from lemma 2, auditor chooses C, cannot happen in a noiseless equilibrium. Thus,

Equilibrium 1 is the only possible noiseless equilibrium. Q.E.D.
Proof of proposition 2

An equilibrium will be a sequential equilibrium if it satisfies sequential
rationality and consistency. It can be easily shown that if the conditions stated in
Equilibrium 3 are all satisfied, then starting from every information set, the
strategies of Equilibrium 3 are optimal for the manager (or auditor) in that
information set for the remainder of the game given that he is evaluating the payoffs
according to his belief on the nodes in that information set and on his expectations
of the other one’s strategy. Thus, sequential rationality is satisfied.

To show that the equilibrium is consistent, we assume that both manager and
auditor have some probability to tremble away from equilibrium strategy. Let
{o"}", and {0} be the sequences of the manager’s and the auditor’s strategies

respectively, where:

m

o : chooses M, with probability 1-£ and M, with probability £ when the
n n

actual net income is NV, ;

£ and M, with probability — when
n

2
n

chooses M, with probability 1-—

"7 From lemma 1, in this case (M,, M) is the manager’s dominant strategy. Thus, the auditor’s best
response is (C;, C)).
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the actual net income is N, .

o, : chooses C, with probability 1—2—f , C, with probability and C,
n

—,
n
with probability iz when the net income in the financial reportis N, ;
n
chooses C, with probability 1-25, C, with probability £, and C, with
n n

e, & . : . :
probability — when the net income in the financial reportis N, .
n

And we let {u,}, be the sequence of the auditor’s belief when he receives

n=1

the financial report, where:

£, _
(1--)p,
&, N, with probability L

. . and N, with probability
(1="0p, +(1=-3)1=p,)

1-51-p,)
n

. . when the net income in the financial reportis N, ;
(1="Jp, (1= )1=p,)

— P
N, with probability L and N, with probability

& _ o _
—pt z(l_pl)
n n

& _
7(1—}91)
n

when the net income in the financial reportis N, .
E_ € —
— Dbt (I-p)
n n
We can easily check that g are Bayes’ consistent with o, and o . And it
is straightforward that:
lim (o) ,0,,u,)=(",0, 1)
n—>0
where (o”,0°, ) denotes the strategy profile and beliefs characterized in

Equilibrium 3. Thus, Equilibrium 3 satisfies consistency too. And we have proved
that Equilibrium 3 is a sequential equilibrium. Q.E.D.
Proof of proposition 4

w . 1 . .
We can find a sequence {¢,},_, in which & =—. It is obvious that ¢,
k
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m

converges to zero, condition (i) is satisfied. Then let {o}'};_, and {o,},_, be the

sequences of the manager’s and the auditor’s totally mixed strategies, where

m.,
o,

: chooses C, with probability 1—%

. o 1 : o 1
chooses M, with probability 1-—— and M, with probability ——
k+1 k+1

when the actual net income is N, ;

chooses M, with probability 1—(%} and M, with probability
+

(ﬁj when the actual net income 1s N, , where n>1, neR.
+

, C, with probability

b

1
+1) +1)°

and C, with probability no matter what kind of financial report he

(k+1)°

receives.
To check if (o)',0,) is & -perfect, first we look at the manager’s side:

(a) When the actual net income is N, , we can compute:

ey b _
MM, o) = (k+1)2)aN1+(k+1)2 (@, L”)+(k+1)2 “
cy\ _ _ _ 1 —
VYM(M, |o;) = (k+1)2)(aNz er)+(k+1)2(aN2 L)
ol @M=L+ (s e, L)

Since we know that aN,>aN,—-rL,6 under Equilibrium 1, we have

VM(M, |o,)>VM (M, | o;) when the actual net income is N;.

(b) When the actual net income is N,, we can compute:

VM (M, |O',f):(1—

1
YaN,-rL, )+——(aN,—-rL))

(k +1)? (k+1)
1 _ —
+ o @M, L)+ (=)@, 7L, )
o2 R SV !
MM, [o) = A=yl + r @M L)+ el

And it is trivial to see that VM (M, |o,)>VM(M,|oc;) when the actual net

income is N, .

Hence, when the actual net income is N, (N,), M, (M) is the dominated
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strategy for the manager. Let 6, (M,) denote the weight the manager puts on M,
in o}". From the definition of ¢ -perfect equilibrium, it has to be that o, (M,) < ¢,

for all k if M, is a dominated strategy for the manager. And it is clear that:
1 1

0,(M,)=——<—=¢, when the actual net income is N, and
k+1 k
1 : .
o0,(M,)= (ﬁ)” < 7 = ¢, when the actual net income i1s N, .
+

Thus, from the manager’s side, (o}',0,) can satisfy the requirement to be an
¢ -perfect equilibrium.

And from the auditor’s side:
(a) For type I auditor, when the net income in the financial report is N,, we can

compute the expected payoff of choosing C,, C, and C;:

1
(I-—)p,
Ve(G oy =———+L F,
(l—m)'pz "‘(m) (1-p,)
1
—)"1-p,)
L (F=rL,)
(l—ﬁ)'Pz "‘(m) (1-p,)
(=P,
Ve (G loy)=—7 - (F =rL,)
(l—m)'Pz "‘(m) (1-p,)
Lo
N (m) (1-p,) .
T 1 _h
(l—m)‘Pz"‘(m) (I-p,)
(=P,
Ve, (G o)) = 1 = 1 (F —e)
(l—m)'Pz +(m) (1-p,)
1o,
N (m) (1-p,) .|:S1F; }
U s (B L) e
a k+1) p2+(k+1) (I1-p,)
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Apparently, we can choose n so that VC,(C, |o)>VC,(C,|o/") and
VC,(C |o")>VC,(C,|o)). That is, there exists a o, such that C, and C; are
dominated by C, for the auditor when he receives a financial report with net income
Ni.

(b) When the net income in the financial report is N,, we can compute:

1
— D,
VC(C lol)=— e+1 (F,—rL,)

[P [ _(7) }(1 29
{1 (7) } P>)
sz

ﬁ [ _(7) }(1 py)

k +

+

1 _
D
VC/(C, o) =t F
PN [—() }(l—p»
{ kl} B
+ (£ —L);

Sl

Ve, (G o)) = k+1 ” {SIFI }
1 ] +H1=s)(F,—rL,)—e
P [ _(7) }(1 p,)

2
{1 ()} 7,)
(F,~e).

k+1 { _(7) }(1—172)

Apparently, there exists a o," such that C, dominates C, and C, for the

auditor when he receives a financial report with net income N, . And we can easily
derive the same conclusion for type II too. Now let o.(C,) denotes the weight the
auditor putson C, of o .It1is trivial to see that:

1 1
0.(C) =

———— <—=¢, when the net income in financial report is N, .
(k+1)” &k
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1 1 . . . .
——— <—=¢, when the net income in financial reportis N, .
(k+1)° &k

Thus, from the auditor’s side, (o,',0,) also satisfies the requirement of an

5C(C2) = §C(C3) =

¢ -perfect equilibrium. Hence, condition (ii) is satisfied. Finally, it is easy to see that:
l{im (o/,0,)=(c",0%), where (c",0") is the strategy profile in Equilibrium 1.

Thus, condition (ii1) is satisfied too. And this completes the proof that Equilibrium 1
1s trembling-hand perfect. Q.E.D.

Proof of proposition 5
For most of the mixed strategy profile (o”,0°) of mixed equilibria we can

find {¢ .}, {0/}, ,and {o,},_,in the similar way of the proof of proposition 4,
to show that (o,',0,) is ¢ -perfect and converges to (c”,0°). But we cannot

always do that. For example, consider the following mixed strategy profile and
beliefs:

m

o": chooses M, when the actual net income is N, ;
chooses M, with probability ¢+ and chooses M, with probability
1-¢ when the actual net income is N, .

o‘: chooses (C,,C))

Manager’s belief: P (type I auditor) = %
Auditor’s belief: P(N,|M,)= ;2 ;
P(N,|M))=1.

The conditions to sustain this equilibrium are:
F,=F > (1= p)rL, = p,L',
s (1= p)rL, —(1=py)s,(F, - F) <e
$,(1= p )L, = (1= p,)s, (F, = F) <e
aN,=aN,-rL,
(d-9p
(1-)p+(1-p)
Now we arbitrarily select the sequences {o,"'},_, and {o,},_, as:
o"”: chooses M, with probability 1-f (k) and M, with probability f (k)
when the actual net income is N, ;
chooses M, with probability ¢—f,(k) and M, with probability
1-¢+ f,(k) when the actual net income is N, .

where p, =
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o : chooses C, with probability 1-f,(k)—f,(k) and C, with probability
fi(k) and C, with probability f,(k) no matter what kind of financial

report he receives,
where 0< fi(k)<1,

O0<t-f,(k)<1,
0<1-t+f,(k)<1,
0< fi(k) <1,
0< f,(k)<l1,
£+ f,(k) <1
Then, when the actual net income is N, , we have:
VMM, | o) =[1= £,00)= £,()]-@N, + f,()-(@N, = L) + f,(k)-aN,
MM, o) = [1- /(0 = f(B)]-(@N, = rL,) + f(K)-(@N, - L,)
+ f.(k)-[s;(aN,—L,))+(1-s,)(aN, -rL )]
With aN,-rL =aN,>aN,—-L, , it is straightforward that M, 1is
dominated by M, for the manager when the actual net income is N, . Thus, to

sustain the above equilibrium to be trembling-hand perfect, the weight on M, must

be very small. But this contradicts the equilibrium strategy. Hence, when
aN, =aN, —rL, ,the mixed strategy equilibrium is not trembling-hand perfect.

Notice that in other cases, M, may not be dominated by M,. For

example, if aN,-rL >aN,>aN,-L,, we can always find the adequate

a ?

f,(k) and f,(k) to make VM (M, |o;) equal to VM (M,|o;) and make

the equilibria become trembling-hand perfect. Q.E.D.

Proof of proposition 6
For any small number ¢>0, let 6=(9,,0,) with 0<6, <9,(¢) be a

vector of positive constants smaller than oJ,. And let (z”,7°) be a vector of

completely mixed strategy of the manager and the auditor in our original game, G,
where:
" : chooses M, with probability W, ;
chooses M, with probability 1-W,.
7°: chooses C, with probability W, ;
chooses C, with probability W, ;

chooses C, with probability 1-W, =W, ;
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where 0<W <1, i=12,3.

Now we define the perturbed game, denoted by G', where the manager and
the auditor are constrained to use completely mixed strategies as follows:

M, =(1-6)M,+8x" for the manager i=1,2;
C,=(1-6,)C, +6,7° forthe auditor j=1,2,3.

Then consider the following strategy profile (6",6°) for the manager and the
auditorin G':

6" : chooses (M,,M,);
&°: chooses (C,,C,).

And the consistent posterior beliefs, denoted by 4, for the auditor when he
gets financial report with net income N, and N, can be computed via Bayes’ rule
as:

u: N, with probability p’ and N, with probability 1—p’ when he gets the
financial report with net income N, ;

"

N, with probability p” and N, with probability 1-p” when he gets the

financial report with net income N, ;
D, |(1=05,)+oW.
where p=— p2[( D 13]_ ’
B [(1=8)+ W, ]+ (1-p,)sW
_ 0 (1-W5)
5251(1_1/1/;)(1_?2)[(1_51)4‘51(1—VV3)]

"

p

Next we want to check if the strategy profile and belief (6”,6°,1) can form
an equilibrium in G'. First from the manager’s side, when the actual net income is
N, , we have:

VM (M, |6°)

=[A-6)+6W,[{(0-6,)aN, +6,[W,aN, + 1-W, -W,)aN,1}

+[(1 -0,)+ §1W3]§2W2(05N2 -L)+o6,(1-W,)1-6,)(aN,~rL,)

W(xN,—-rL Y+W,(aN,-L,) '
)

+51(1—W3)52(
+(1_VV1 _Wz)[Sl(aNl _La)+(1_sl)(aN2 _er)
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VM (M, | 6°)

=(1-0)(1-0,)aN,—-rL,)

+(1_51)52((W1(0!N2—"Lm)+W2(0!N1—La) j
+(1-W,—W,)[s,(aN, —L,)+(1—s)aN, —rL,)]

+oW,{(1-35,)aN, +o,[W,aN, +W,aN, +(1-W, —W,)aN, 1}

W(aN,-rL,)+W,(aN,—-L,)
+(1-W, =W,)[s,(aN, —L,)+ (1) (N, —er)]J'
Because aN, >aN,-rL,  and 6,, o6, are very small numbers, we have

VM (Ml 16°) > VM (M ,|0°). Hence, when the actual net income is N, , the best

+51 (1 - VV3)52 (

response for the manager in the perturbed game is M .- And following the same
algorithm we can also show that M, is the best response when the actual net

m

income is N, . Thatis, 6" is the best response for the manager against ¢ in the

perturbed game.

From the auditor’s side, when a type I auditor receives the financial report with
net income N, , we can compute:

VC,(C,|6™)
=[-8 +o,m ][ p'F + 1= p)F —rL)]+ W, [ p'(F, —rL)+(1- p)F ]
+8,(L=W, =W,){p'(F —e)+ (1= p)[s,F, + (1= s)(F - rL,) —e]};
Ve, (C,|6™)
=[-8+ 8,0, [p'(F, —rL) + (1~ p))E ]+ 8,0, [ p'F, + (1 - p')(F, ~rL)]
£6,(1=W, =W){p'(F, &)+ (1— p)[s,F, + (1= s)(F, —rL) —e]};
Ve, (C,|6™)
=[A=8,)+5A-W, =W)[{p'(F,—e)+ (1= p))[s,F, + 1 —s)(F —rL,)—e]}
+8,W, [p'F + (1= p)E = rL) |+ 6,W, [p'(F, —rL.) + (1= pF |.

p' isverycloseto 1 dueto &, isverysmall. Thus, itis clear that
VC,(C, | 8™) > VC,(C,|6™), VC,(C,|6™)>VC,(C,|6™) and
Ve, (C, | 8™ >VC,(C, |6™), VC,(C |6")>VC,(C,|6™) when the auditor
receives a financial report with net income N, and in this case é’l and é‘z are

the best responses for the auditor against 6" . With the same way we can derive that

(:’1 is the best response for the auditor when the net income in the financial report is
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N, . And we have shown that (6”,5°) is an equilibrium in the perturbed game
G'.

Next we want to show that (6",6°) and (¢”,0°), denotes the strategy
profile in Equilibrium 1, are very close. This is done by computing the Euclidian

distance between (Ml,Mz,él,él) and (M,,M,,C,,C,) on R*:
diSt[(Mlstsélaél)s(MlaMzaclscl)]

= 28, =G, + 2 W, +2[ (=6, + 5 W) + (S, + 5 (1-W,~W, )|

<N26JA=W,) + W2+ (A=W + W+ (1= W, =W, ).

£
We can choose &, =

N2 U ) (=W W)
that dist[(A;II,MZ,éI,él),(Ml,Mz,Cl,Cl)]<5. That is, (6",6°) is & -close to

such

(o”,0°). Hence, Equilibrium 1 satisfies property S. And it is naturally minimal

with property S due to it’s a one-point set. This completes the proof that Equilibrium
1 is a stable equilibrium. Q.E.D.
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